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Chain of Thought

CoT: Chain of Thought, “Let’s think step by step”.

Figure: Prompting Chain of Thought.
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Long CoT

OpenAI-O1, DeepSeek-R1.

Figure: The “Aha Moment” observed by DeepSeek-R1.
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Why can DeepSeek-R1 succeed? (1/2)

• Reinforcement learning based on the base model (with warm-up).
• Reflection behaviors in the base model.
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Why can DeepSeek-R1 succeed? (2/2)

What else?

Model
AIME 2024 MATH-500 GPQA Diamond LiveCodeBench

pass@1 cons@64 pass@1 pass@1 pass@1

QwQ-32B-Preview 50.0 60.0 90.6 54.5 41.9
DeepSeek-R1-Zero-Qwen-32B 47.0 60.0 91.6 55.0 40.2
DeepSeek-R1-Distill-Qwen-32B 72.6 83.3 94.3 62.1 57.2

Table: Comparison of distilled and RL Models on Reasoning-Related Benchmarks.

Rethink the position of academia in the development of LLM.
Rethink our position in academia.
“The Role of Computing Resources in Publishing Foundation Model Research”
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An Overview

What are the techniques that can boost LLM Reasoning?
• Supervised Fine-Tuning (SFT) based methods: data is the key.

• Human Annotation, LLM Distillation.
• Self-Evolve: Reject Sampling Fine-tuning.

• Reinforcement Learning (RL) based methods:
• Data: Filtering by Difficulty, Curriculum Learning.
• Pipeline: Reinforcement Learning with Human Feedback (RLHF)&Reinforcement

Learning with Verifiable Reward (RLVR), Process Reward Model (PRM)&Outcome
Reward Model (ORM).

• RL Algorithm: Proximal Policy Optimization (PPO), Group Relative Policy
Optimization (GRPO), REINFORCE++.

• Direct Preference Optimization (DPO) and its variants, e.g., Iterative DPO, Step
DPO.
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Human Annotation and LLM Automation

Human Automated
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• External LLM
• Random simulation
• MCTS simulation
• …

• External LLM
• Error correction
• Multi-agent collaboration
• …

• Comparative 
analysis
• …

• Manual labeling
• Collaborative 
verification
• …
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Reject Sampling Fine-tuning

Criteria:
• Unsupervised:

• Semantic Entropy
• Confidence

• Supervised:
• Ground Truth (math)
• Test Cases (code)
• Compiler (formal math)

• Reward Model

max
θ

JRFT(θ) = Ex∼D

∑
a

πθold(a|x) · 1[a ∈ H(x)] · log πθ(a|x) (1)
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The GRPO Objective Function

For each question q, GRPO samples a group of outputs {o1, o2, · · · , oG} and maximizes
the following objective:

JGRPO(θ) = E[q ∼ P(Q), {oi}Gi=1 ∼ πθold (O|q)]

1

G

G∑
i=1

1

|oi |

|oi |∑
t=1

{
min

[
ri ,t(θ)Âi ,t , clip (ri ,t(θ), 1− ϵ, 1 + ϵ) Âi ,t

]
− βDKL [πθ||πref ]

}
• Âi = R(oi )− 1

G

∑G
j=1 R(oj) is the advantage calculated based on relative rewards

within the group, not a learned value function.

• The KL-divergence penalty with a reference policy πref is added directly to the loss
to stabilize training, rather than being part of the reward signal.
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Algorithm Implementation

What are the probabilities, states, actions, and rewards in LLMs (consider token-wise
things)? How to implement them?
Example:

1 def compute reward ( r : Union [ t o r ch . Tensor , f l o a t ] , k l c o e f : f l o a t , k l : t o r c h . Tensor , a c t i on mask :
Opt i ona l [ t o r ch . Tensor ] = None , ) −> t o r c h . Tensor :

2 # Step 1 : C a l c u l a t e the KL p en a l t y term f o r each s t ep ( c o r r e s pond s to −beta ∗ KL t ) .
3 k l r ewa r d = −k l c o e f ∗ k l
4 # Step 2 : Cons t r u c t the s p a r s e f i n a l reward . The goa l i s to c r e a t e a t e n s o r where the t o t a l

s equence reward ’ r ’ i s p l a c ed on l y at the p o s i t i o n o f the l a s t v a l i d token .
5 e o s i n d i c e s = ac t i on mask . s i z e (1 ) − 1 − \
6 ac t i on mask . l ong ( ) . f l i p l r ( ) . argmax ( dim=1, keepdim=True )
7 l a s t r e w a r d = to r ch . z e r o s l i k e ( k l )
8 l a s t r e w a r d . s c a t t e r ( dim=1, i ndex=e o s i n d i c e s , s r c=r . unsqueeze (1 ) . to ( k l . d type ) )
9 # Step 3 : Add the KL p en a l t y and the f i n a l reward to ge t the f i n a l token−l e v e l reward r t .

10 reward = l a s t r e w a r d + k l r ewa r d
11 r e t u r n reward

Please refer to the source code of OpenRLHF for more details.
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Engineering Challenges

Packages: Ray, DeepSpeed, vllm ...
System Complexity

GPU & rank1 Model partition Prompt ResponseMicro-DP group TP groupP R

All Gather 
Model weights

<latexit sha1_base64="bDj2xs9J0e+TmZzdVf7qIUesb/s=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgED1ISkeqx4MVjBfsBbSibzbRdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZnZnXpAIrtF1v63C2vrG5lZxu7Szu7dftg8OWzpOFYMmi0WsOgHVILiEJnIU0EkU0CgQ0A7GNzO//QBK81je4yQBP6JDyQecUTRS3y73EB6RccUEhJk37dsVt+rO4awSLycVkqPRt796YczSCCQyQbXuem6CfkYVcvPktNRLNSSUjekQuoZKGoH2s/niU+fUKKEziJUpic5c/T2R0UjrSRSYzojiSC97M/E/r5vi4NrPuExSBMkWHw1S4WDszFJwQq6AoZgYQpniZleHjaiiDE1WJROCt3zyKmldVL1atXZ3Wamf53EUyTE5IWfEI1ekTm5JgzQJIyl5Jq/kzXqyXqx362PRWrDymSPyB9bnDx7yk1Y=</latexit>

1○
<latexit sha1_base64="HUb68ji/9AxT6w+cvZjgfcF6EzY=">AAAB+HicbVBNS8NAEN34WetHox69BIvgQUpSpHosePFYwX5AG8pmM22XbjZhdyLW0F/ixYMiXv0p3vw3btsctPXBwOO9md2ZFySCa3Tdb2ttfWNza7uwU9zd2z8o2YdHLR2nikGTxSJWnYBqEFxCEzkK6CQKaBQIaAfjm5nffgCleSzvcZKAH9Gh5APOKBqpb5d6CI/IuGICwqw67dtlt+LO4awSLydlkqPRt796YczSCCQyQbXuem6CfkYVcvPktNhLNSSUjekQuoZKGoH2s/niU+fMKKEziJUpic5c/T2R0UjrSRSYzojiSC97M/E/r5vi4NrPuExSBMkWHw1S4WDszFJwQq6AoZgYQpniZleHjaiiDE1WRROCt3zyKmlVK16tUru7LNcv8jgK5IScknPikStSJ7ekQZqEkZQ8k1fyZj1ZL9a79bFoXbPymWPyB9bnDyB3k1c=</latexit>

2○Load prompts

<latexit sha1_base64="aoixu1HEd7eIUDMbNIfV3GrETjg=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBg4Rd0egx4MVjBPOAZAmzs5NkyOyDmV4xLvkSLx4U8eqnePNvnCR70MSChqKqe6a7/EQKjY7zba2srq1vbBa2its7u3sle/+gqeNUMd5gsYxV26eaSxHxBgqUvJ0oTkNf8pY/upn6rQeutIijexwn3AvpIBJ9wSgaqWeXusgfkQnFJA+yy0nPLjsVZwayTNyclCFHvWd/dYOYpSGPkEmqdcd1EvQyqlCYJyfFbqp5QtmIDnjH0IiGXHvZbPEJOTFKQPqxMhUhmam/JzIaaj0OfdMZUhzqRW8q/ud1Uuxfe5mIkhR5xOYf9VNJMCbTFEggFGcox4ZQpoTZlbAhVZShyapoQnAXT14mzfOKW61U7y7KtbM8jgIcwTGcggtXUINbqEMDGKTwDK/wZj1ZL9a79TFvXbHymUP4A+vzByUGk1o=</latexit>

5○

<latexit sha1_base64="Na/pcQ2WIU22F5P4eh8iYMa1qtA=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBg4Rdlegx4MVjBPOAZAmzs5NkyOyDmV4xLvkSLx4U8eqnePNvnCR70MSChqKqe6a7/EQKjY7zba2srq1vbBa2its7u3sle/+gqeNUMd5gsYxV26eaSxHxBgqUvJ0oTkNf8pY/upn6rQeutIijexwn3AvpIBJ9wSgaqWeXusgfkQnFJA+yi0nPLjsVZwayTNyclCFHvWd/dYOYpSGPkEmqdcd1EvQyqlCYJyfFbqp5QtmIDnjH0IiGXHvZbPEJOTFKQPqxMhUhmam/JzIaaj0OfdMZUhzqRW8q/ud1Uuxfe5mIkhR5xOYf9VNJMCbTFEggFGcox4ZQpoTZlbAhVZShyapoQnAXT14mzfOKW61U7y7LtbM8jgIcwTGcggtXUINbqEMDGKTwDK/wZj1ZL9a79TFvXbHymUP4A+vzByH8k1g=</latexit>

3○ Generate and 
AllGather responses

<latexit sha1_base64="5fUtIMUC6GDaKxFcmKHJtdHWN7Q=">AAAB+HicbVBNS8NAEN34WetHox69BIvgQUoipXosePFYwX5AG8pmM22XbjZhdyLW0F/ixYMiXv0p3vw3btsctPXBwOO9md2ZFySCa3Tdb2ttfWNza7uwU9zd2z8o2YdHLR2nikGTxSJWnYBqEFxCEzkK6CQKaBQIaAfjm5nffgCleSzvcZKAH9Gh5APOKBqpb5d6CI/IuGICwqw67dtlt+LO4awSLydlkqPRt796YczSCCQyQbXuem6CfkYVcvPktNhLNSSUjekQuoZKGoH2s/niU+fMKKEziJUpic5c/T2R0UjrSRSYzojiSC97M/E/r5vi4NrPuExSBMkWHw1S4WDszFJwQq6AoZgYQpniZleHjaiiDE1WRROCt3zyKmldVrxapXZXLdcv8jgK5IScknPikStSJ7ekQZqEkZQ8k1fyZj1ZL9a79bFoXbPymWPyB9bnDyOBk1k=</latexit>

4○Partition weights 
to train mode

2
P1 R1
P2 R2
P1 R1
P2 R2
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Figure: 3D-HybridEngine workflow in VeRL.
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The RLHF Objective Function

We start with the standard RLHF objective, which is to maximize the reward while a
KL-divergence penalty prevents the model from straying too far from a reference model.

max
π

Ex∼D,y∼π(y |x)
[
r(x , y)

]
− βDKL

[
π(y | x) || πref(y | x)

]
• r(x , y) is a (usually learned) reward function that scores how good a completion y is
for a given prompt x .

• πref is a fixed reference policy (usually the SFT model).

• π is the policy we want to optimize.

• β is a hyperparameter that controls the strength of the KL penalty.

This objective seeks a policy π that balances getting high rewards with staying close to
πref.
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The Final DPO Loss Function

We can express the preference probability directly in terms of the policy πθ:

p(yw ≻ yl | x) = σ

(
β log

πθ(yw | x)
πref(yw | x)

− β log
πθ(yl | x)
πref(yl | x)

)
Our goal is to find a policy πθ that maximizes this probability over a given dataset of
preferences D = {(x , yw , yl)}. This is equivalent to minimizing the negative
log-likelihood, which gives us the DPO loss function:

LDPO(πθ;πref) = −E(x ,yw ,yl )∼D

[
log σ

(
β log

πθ(yw | x)
πref(yw | x)

− β log
πθ(yl | x)
πref(yl | x)

)]
This is just a simple binary cross-entropy loss that can be optimized directly with gradient
descent.
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Agentic Methods
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Agentic Methods + SFT

Figure: Metacognitive Reuse: Turning Recurring LLM Reasoning Into Concise Behaviors
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Agentic Methods (multi agent)

Figure: Overview of ReasoningBank, Comparison of Different Kinds of TTS
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Search Methods: Tree of Thought
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Search Methods: Reasoning via Planning

Pickup orange
(r = 0.6) (r = 0.4)

Pic ku p blue

Sta c k it on
blue

Sta c k it on
red

…

…

{ }

Goal: orange on blue; yellow on orange
Julie is reading… She wants to read half of the remaining pages 
tomorrow. Question: How many pages should she read?

(r = 0.7)

Q1: How many 
pages has she read?

(r = 0.5)

Q1: How many pages 
did Julie read today?

Q1: How … read?
A1: 30

Q1: How …Today? 
A1: 24

Q2 : How many pages 
has Julie read till now?

(r = 0.8)
(r = 0.3)

Q2 : How many 
pages should she 
read tomorrow?

Q1: …
Q2: How …now?
A2: 36

Q1:  How… today?
A1: 24
…
QT: How ... tomorrow?
AT: 42

(r = 0.3) (r = 0.9)

…

(Answer: 42)

(Plan Complete)

(1) Carnivores
are carnivorous.

(4) Every cat is
a feline.

(r = 0.8)

Fae is a cat.

Rules: (1) Carnivores are carnivorous. (2) Animals are not unicellular.
(3) Carnivores are mammals. (4) Every cat is a feline.
(5) Each feline is a carnivores. (6) …

Facts: Fae is a feline. Hypothesis: True or false: Fae is unicellular.

(r = 0.1)

(5) Each feline is 
a carnivores.

Fae is a carnivore.

(3) Carnivores are 
mammals.
(r = 0.8)(r = 0.8)

… Fae is a mammal.

Fae is a not unicellular.

(False)

Fae is a feline.

Figure: Reasoning with Language Model is Planning with World Model
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AlphaGeometry: An Olympiad-level AI system for geometry

AlphaGeometry is a neuro-symbolic system made up of a neural language model and a
symbolic deduction engine.

Figure: Given the problem diagram and its theorem premises (left), AlphaGeometry (middle) first uses its
symbolic engine to deduce new statements about the diagram until the solution is found or new
statements are exhausted. If no solution is found, AlphaGeometry’s language model adds one potentially
useful construct (blue), opening new paths of deduction for the symbolic engine. This loop continues until
a solution is found (right). In this example, just one construct is required.
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AlphaProof + AlphaGeometry 2: IMO 2024 silver madalist

Figure: Process infographic of AlphaProof’s reinforcement learning training loop: Around one million
informal math problems are translated into a formal math language by a formalizer network. Then a solver
network searches for proofs or disproofs of the problems, progressively training itself via the AlphaZero
algorithm to solve more challenging problems.

AlphaProof is based on LEAN and Mathlib.
31 / 50



LEAN

In 2025, ACM SIGPLAN Programming Languages Software Award was awarded to Gabriel Ebner,

Soonho Kong, Leo de Moura and Sebastian Ullrich for Lean, cited for its “significant impact on

mathematics, hardware and software verification, and AI”.

Figure: A dinner with Dr. Soonho Kong (left 1). Photographed by Dr. Zhizhen Qin.
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LEAN Examples (1/3): Basic Proofs

Algebraic Identity

1 import Mathlib

2

3 theorem a_plus_b_squared (a b : Q
) (h1 : a - b = 4) (h2 : a *

b = 1) : (a + b) ^ 2 = 20 :=

by

4 calc

5 (a + b) ^ 2 = (a - b) ^ 2 + 4

* (a * b) := by ring

6 _ = 4 ^ 2 + 4 * 1 := by rw

[h1, h2]

7 _ = 20 := by norm_num

Inductive Proof

1 import Mathlib

2

3 theorem pow_two_ge_n_plus_one (n

: N) : 2 ^ n ≥ n + 1 := by

4 induction n with

5 | zero => -- Base case: n = 0

6 norm_num -- Proves 1 ≥ 1

7 | succ k IH => -- Inductive step

8 calc

9 2 ^ (k + 1) = 2 * 2 ^ k :=

by ring

10 _ ≥ 2 * (k + 1) := by gcongr

11 _ = (k + 1 + 1) + k := by

ring

12 _ ≥ k + 1 + 1 := by linarith
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LEAN Examples (2/3): A Curious Case in R

1 import Mathlib
2
3 −− Disproof of the statement ∀ x : R, (x ˆ (1/3 : R)) ˆ (3 : R) = x
4 theorem cube_root_cubed_is_false : ¬ (∀ x : R, (x ˆ (1/3 : R)) ˆ (3 : R) = x) := by
5 push neg
6 use −1
7 −− Goal: ((−1 : R) ˆ (1 / 3 : R)) ˆ (3 : R) ̸= −1
8
9 −− Calculate (−1)ˆ(1/3)

10 have hcbrt : (−1 : R) ˆ (1 / 3 : R) = 1 / 2 := by
11 have h_neg_one_lt_zero : (−1 : R) < 0 := by norm num
12 rw [Real.rpow_def_of_neg h_neg_one_lt_zero]
13 rw [Real.log_neg_eq_log 1, Real.log_one, zero_mul, Real.exp_zero, one_mul]
14 rw [mul_comm,←div_eq_mul_inv, Real.cos_pi_div_three]
15
16 rw [hcbrt]
17 norm num −− Proves (1/2)ˆ3 ̸= −1

The statement is false for real numbers. Lean finds a counterexample with x = −1. The
definition of real number exponentiation for a negative base, ‘Real.rpow def of neg‘,
involves the cosine of π times the exponent. This leads to (−1)1/3 = cos(π/3) = 1/2.
Since (1/2)3 ̸= −1, the general statement is disproven. This highlights the subtle pitfalls
of informal reasoning.

34 / 50



LEAN Examples (3/3): Resolution in C

1 import Mathlib

2

3 theorem complex_cube_root_cubed_eq_self (x : C) : (x ^ ((3 : N)−1 : C)) ^

(3 : N) = x := by

4 have h3 : (3 : N) ̸= 0 := by decide

5 exact Complex.cpow_nat_inv_pow x h3

In the complex plane, the identity holds true. The theorem ‘Complex.cpow nat inv pow‘
states that for any complex number x and any non-zero natural number n, taking the
principal n-th root and then raising it to the power of n returns the original number x .
The formal distinction between real and complex exponentiation is crucial, and Lean’s
type system enforces this rigor, preventing such errors.
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Formal Language v.s. Informal Language

Figure: Left: Informal Language; Right: Formal Language. 37 / 50



The Potential of Formal Language Prover

Ya-Qin Zhang: AI can! Shing-tung Yau: AI can’t!
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The Development of Open-Source Provers in the Past Year

Figure: Performance of SOTA open-source provers over time (pass@32).
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Achievements of Goedel-Prover-V2 - 1/2

New SOTA on MiniF2F

+8.0% Pass@32

Our flagship 32B model
significantly outperforms

DeepSeek-Prover-V2-671B.

Small But Mighty

8B ≳ 671B
Our small 8B model matches
the prior SOTA 671B model at

Pass@32.

#1 on PutnamBench

#1
Securing the top rank on the
PutnamBench leaderboard.
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Achievements of Goedel-Prover-V2 - 2/2

Figure: Pass@32 performance on MiniF2F, PutnamBench, and
MathOlympiadBench.

Model Solved Pass

Goedel-Prover-V2-32B
(self-correction mode)

64 Pass@64

Goedel-Prover-V2-32B
(self-correction mode)

57 Pass@32

Goedel-Prover-V2-32B 44 Pass@32

DeepSeek-Prover-V2-671B 47 Pass@1024

DeepSeek-Prover-V2-671B 22 Pass@32

DSP+ 23 Pass@128

Kimina-Prover-7B-Distill 10 Pass@192

Self-play Theorem Prover 8 Pass@3200

Goedel-Prover-V1 7 Pass@512

Table: PutnamBench leaderboard.
Goedel-Prover-V2-32B secures the top
rank with significantly less compute.
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Methods of Goedel-Prover-V2 - 1/4

Expert Iteration & RL: Formalizing problems, generating and verifying proofs, with
supervised fine-tuning and reinforcement learning.

Figure: Our RL Pipeline, compared with vanilla and tool-assisted RL.
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Methods of Goedel-Prover-V2 - 2/4

Scaffolded Data Synthesis: Implementing intermediate-difficulty problems that provide
denser training signals.

Figure: Scaffolded data synthesis pipeline.
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Methods of Goedel-Prover-V2 - 3/4

Verifier-Guided Self-Correction: Our model uses Lean compilation feedback to
iteratively correct its own proofs.
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Methods of Goedel-Prover-V2 - 4/4

Model Averaging: Averaging trained models with the base model to restore diversity
and boost Pass@K performance.
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Scaling based on Goedel-Prover-V2

Figure: Hilbert Prover (Current SOTA)
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Question & Answer

• What are the main research directions, bottlenecks, and application fields of current
LLMs?

• Will there be major innovations in LLM technology routes?

• How can LLMs be made to understand specific contexts (such as irony and
implication)?

• How can undergraduates conduct research when lacking sufficient knowledge? How
to lay the foundation for research?
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Thanks!
Bohan Lyu

bohanlyu.com
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