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Chain of Thought

CoT: Chain of Thought, “Let’s think step by step”.

Figure: Prompting Chain of Thought.
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Long CoT

OpenAI-O1, DeepSeek-R1.

Figure: The \Aha Moment" observed by DeepSeek-R1.
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Why can DeepSeek-R1 succeed? (1/2)

� Reinforcement learning based on the base model (with warm-up).
� Reflection behaviors in the base model.
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Why can DeepSeek-R1 succeed? (2/2)

What else?

Model
AIME 2024 MATH-500 GPQA Diamond LiveCodeBench

pass@1 cons@64 pass@1 pass@1 pass@1

QwQ-32B-Preview 50.0 60.0 90.6 54.5 41.9
DeepSeek-R1-Zero-Qwen-32B 47.0 60.0 91.6 55.0 40.2
DeepSeek-R1-Distill-Qwen-32B 72.6 83.3 94.3 62.1 57.2

Table: Comparison of distilled and RL Models on Reasoning-Related Benchmarks.

Rethink the position of academia in the development of LLM.
Rethink our position in academia.

7 / 68



Why can DeepSeek-R1 succeed? (2/2)

What else?

Model
AIME 2024 MATH-500 GPQA Diamond LiveCodeBench

pass@1 cons@64 pass@1 pass@1 pass@1

QwQ-32B-Preview 50.0 60.0 90.6 54.5 41.9
DeepSeek-R1-Zero-Qwen-32B 47.0 60.0 91.6 55.0 40.2
DeepSeek-R1-Distill-Qwen-32B 72.6 83.3 94.3 62.1 57.2

Table: Comparison of distilled and RL Models on Reasoning-Related Benchmarks.

Rethink the position of academia in the development of LLM.
Rethink our position in academia.

7 / 68



Why can DeepSeek-R1 succeed? (2/2)

What else?

Model
AIME 2024 MATH-500 GPQA Diamond LiveCodeBench

pass@1 cons@64 pass@1 pass@1 pass@1

QwQ-32B-Preview 50.0 60.0 90.6 54.5 41.9
DeepSeek-R1-Zero-Qwen-32B 47.0 60.0 91.6 55.0 40.2
DeepSeek-R1-Distill-Qwen-32B 72.6 83.3 94.3 62.1 57.2

Table: Comparison of distilled and RL Models on Reasoning-Related Benchmarks.

Rethink the position of academia in the development of LLM.
Rethink our position in academia.

7 / 68



Contents

1. Introduction of LLM Reasoning

2. Training Techniques
2.1 An Overview
2.2 Supervised Fine-Tuning (SFT) based Methods
2.3 Group Relative Policy Optimization (GRPO)
2.4 Direct Preference Optimization (DPO)

3. Inference-Time Techniques

4. Autonomous Theorem Proving with Formal Language
4.1 Introduction to Formal Language
4.2 The Potential of Formal Language Prover
4.3 Development of Open-Source Provers

5. Conclusion and Open Challenges

8 / 68



Contents

1. Introduction of LLM Reasoning

2. Training Techniques
2.1 An Overview
2.2 Supervised Fine-Tuning (SFT) based Methods
2.3 Group Relative Policy Optimization (GRPO)
2.4 Direct Preference Optimization (DPO)

3. Inference-Time Techniques

4. Autonomous Theorem Proving with Formal Language
4.1 Introduction to Formal Language
4.2 The Potential of Formal Language Prover
4.3 Development of Open-Source Provers

5. Conclusion and Open Challenges

9 / 68



An Overview

What are the techniques that can boost LLM Reasoning?
� Supervised Fine-Tuning (SFT) based methods: data is the key.

� Human Annotation, LLM Distillation.
� Self-Evolve: Reject Sampling Fine-tuning.

� Reinforcement Learning (RL) based methods:
� Data: Filtering by Di�culty, Curriculum Learning.
� Pipeline: Reinforcement Learning with Human Feedback (RLHF)&Reinforcement

Learning with Veri�able Reward (RLVR), Process Reward Model (PRM)&Outcome
Reward Model (ORM).

� RL Algorithm: Proximal Policy Optimization (PPO), Group Relative Policy
Optimization (GRPO), REINFORCE++.

� Direct Preference Optimization (DPO) and its variants, e.g., Iterative DPO, Step
DPO.
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Human Annotation and LLM Automation
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Reject Sampling Fine-tuning

Criteria:
� Unsupervised:

� Semantic Entropy
� Con�dence

� Supervised:
� Ground Truth (math)
� Test Cases (code)
� Compiler (formal math)

� Reward Model

max
�

JRFT (� ) = Ex� D

X

a

� � old(ajx) � 1[a 2 H(x)] � log� � (ajx) (1)
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The GRPO Objective Function

For each question q, GRPO samples a group of outputs fo1; o2; � � � ; oGg and maximizes
the following objective:

JGRPO(�) = E[q � P(Q); foigGi=1 � ��old
(Ojq)]

1

G

GX
i=1

1

joi j

joi jX
t=1

n
min

h
ri ;t(�)Âi ;t ; clip (ri ;t(�); 1� �; 1 + �) Âi ;t

i
� �DKL [��jj�ref ]

o
� Âi = R(oi )� 1

G

PG
j=1 R(oj) is the advantage calculated based on relative rewards

within the group, not a learned value function.

� The KL-divergence penalty with a reference policy �ref is added directly to the loss
to stabilize training, rather than being part of the reward signal.
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Basics of RL (1/4)

� Markov Decision Process (MDP): Formal framework for RL defined by tuple
(S ;A;P;R; 
)
� S : Set of states
� A: Set of actions
� P(s 0js; a): State transition probability
� R(s; a; s 0): Reward function
� 
 2 [0; 1]: Discount factor

� Trajectory � : Sequence of states and actions � = (s0; a0; s1; a1; :::)
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Basics of RL (2/4)

� Reward Function r(s; a; s 0): Immediate feedback signal after taking action a in
state s and transitioning to state s 0.

� Often simplified as r(s; a) when the next state is implicit.

� Return Gt : Cumulative discounted reward from time step t

Gt =
1X

k=0


k rt+k

� Discount Factor 
: Controls the importance of future rewards.
� 
 � 0: Myopic evaluation (immediate rewards)
� 
 � 1: Far-sighted evaluation (long-term rewards)
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Basics of RL (3/4)

� Policy ��(ajs): A function, parameterized by �, that maps a state s to a distribution
over actions a. It defines the agent’s behavior.

� Objective Function J(�): The expected cumulative discounted reward obtained by
following policy ��. Our goal is to find parameters � that maximize this.

J(�) = E����

" 1X
t=0


tr(st ; at)

#

� Optimal Policy ��: Policy that maximizes the expected return

�� = argmax
�

J(�)
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Basics of RL (4/4)

� Value Function V �(s): The expected return starting from state s and then
following policy �.

V �(s) = E���

" 1X
t=k


t�k r(st ; at)jsk = s

#

� Action-Value Function Q�(s; a): The expected return after taking action a in state
s and then following policy �.

Q�(s; a) = E���

" 1X
t=k


t�k r(st ; at)jsk = s; ak = a

#

� Advantage Function A�(s; a): How much better is action a compared to the
average action in state s

A�(s; a) = Q�(s; a)� V �(s)
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Temporal difference (TD) advantage

We can expand Q�(st ; at) using its definition:

Q�(st ; at) = E���

" 1X
k=t


k�tr(sk ; ak)jst ; at

#

= E���

"
r(st ; at) + 


1X
k=t+1


k�(t+1)r(sk ; ak)jst ; at

#

= r(st ; at) + 
Est+1�P(�jst ;at)

"
E���

" 1X
k=t+1


k�(t+1)r(sk ; ak)jst+1

##

The inner expectation is precisely the definition of V �(st+1):

Q�(st ; at) = r(st ; at) + 
Est+1�P(�jst ;at) [V
�(st+1)]
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Temporal difference (TD) advantage

Substituting back into the advantage function:

A�(st ; at) = Q�(st ; at)� V �(st)

= r(st ; at) + 
Est+1�P(�jst ;at) [V
�(st+1)]� V �(st)

For a specific transition (st ; at ; st+1), this gives us:

A�(st ; at) = r(st ; at) + 
V �(st+1)� V �(st)

This is the one-step temporal difference (TD) advantage.

The TD-Advantage

A key identity connects the advantage function to the reward and value functions. This is
often used for practical estimation.

A�(st ; at) = r(st ; at) + 
V �(st+1)� V �(st)

This is the one-step or TD-Advantage. It forms the basis for our proof.
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The Performance Difference Lemma

Theorem (Performance Difference Lemma)

The difference in performance between a new policy ��0 and an old policy �� can be
expressed as the expected advantage of the old policy, where the expectation is taken
over the states and actions visited by the new policy ��0 .

J(�0)� J(�) = E����0

" 1X
t=0


tA��(st ; at)

#

We want to prove: J(�0)� J(�) = E����0 [
P1

t=0 

tA��(st ; at)]

The core idea is to express the reward rt in terms of the advantage function A��t and the
value function V �� . We will then substitute this into the definition of J(�0) and simplify.
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Step 1 - Express Reward via Advantage

We start from the identity for the one-step advantage:

A��(st ; at) = rt + 
V ��(st+1)� V ��(st)

By rearranging this equation, we can express the reward rt as:

rt = A��(st ; at) + V ��(st)� 
V ��(st+1)

This allows us to introduce the advantage function into our objective.
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Step 2 - Substitute into the Objective

Now, we take the definition of the objective for the new policy, J(�0):

J(�0) = E����0

" 1X
t=0


trt

#

And substitute our expression for rt from the previous step:

J(�0) = E����0

" 1X
t=0


t (A��(st ; at) + V ��(st)� 
V ��(st+1))

#

The next step is to simplify the sum.
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Step 3 - The Telescoping Sum

Let’s focus on the value function terms inside the expectation:

1X
t=0


tV ��(st)�
1X

t=0


t+1V ��(st+1)

Let’s write out the first few terms:

� First sum: (
0V0 + 
1V1 + 
2V2 + : : : )

� Second sum: (
1V1 + 
2V2 + 
3V3 + : : : )

When we subtract the second sum from the first, all terms cancel out except for the very
first one:

(
0V0 +���
1V1 + : : : )� (���
1V1 + : : : ) = 
0V ��(s0) = V ��(s0)
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Step 4 - Finalizing the Proof

Substituting the result of the telescoping sum back into our expression for J(�0):

J(�0) = E����0

" 1X
t=0


tA��(st ; at) + V ��(s0)

#

We can split the expectation:

J(�0) = E����0

" 1X
t=0


tA��t

#
+ E����0 [V

��(s0)]

Recognizing that E����0 [V
��(s0)] = Es0 [V

��(s0)] = J(�):

J(�0) = E����0

" 1X
t=0


tA��t

#
+ J(�)

Rearranging gives the final lemma. Q.E.D.
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From Lemma to Surrogate Objective

The performance difference lemma is great, but it has a major practical issue:

J(�0)� J(�) = E����0 [: : : ]

The expectation is over trajectories from the new policy ��0 , which we don’t have yet. We
cannot sample from it to compute the expectation.
Importance Sampling: If we want to compute:

Ex�p(x)[f (x)] =

Z
f (x)p(x)dx

but we can only sample from another distribution q(x) (for example, q(x) is a distribution
that is easier for us to sample from), we can write:

Ex�p(x)[f (x)] =

Z
f (x)p(x)dx =

Z
f (x)

p(x)

q(x)
q(x)dx = Ex�q(x)

�
f (x)

p(x)

q(x)

�
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The PPO/TRPO Surrogate Objective - 1/2

Objective Function

The final objective function that we optimize in practice is based on this importance

sampling formulation. Let rt(�
0) =

��0 (at jst)
��old

(at jst)
be the probability ratio. The objective is:

L(�0) = Et

�
��0(at jst)

��old
(at jst)

A��old (st ; at)

�
where the expectation Et indicates an average over a finite batch of samples collected
using the old policy ��old

.
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The PPO/TRPO Surrogate Objective - 2/2

Directly maximizing this objective is unstable. Note rt(�
0) =

��0 (at jst)
��old

(at jst)
.

� TRPO formulates policy improvement as a constrained optimization problem:

max
�0

Et

�
��0(at jst)

��old
(at jst)

A��old (st ; at)

�
s.t. Et [KL[��old

(�jst); ��0(�jst)]] � �

This KL-divergence constraint ensures the new policy stays close to the old one.
� PPO has two variants, where At = A��old (st ; at) is the advantage estimate:

� Clipped objective which is simpler to implement:

LCLIP(�0) = Et [min(rt(�
0)At ; clip(rt(�

0); 1� �; 1 + �)At)]

� KL penalty variant which adds a penalty term:

LKL(�0) = Et [rt(�
0)At � � � KL[�θold

(�jst); �θ′(�jst)]]
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Algorithm Implementation

What are the probabilities, states, actions, and rewards in LLMs (consider token-wise
things)? How to implement them?
Example:

1 def compute reward ( r : Union [ t o r ch . Tensor , f l o a t ] , k l c o e f : f l o a t , k l : t o r c h . Tensor , a c t i on mask :
Opt i ona l [ t o r ch . Tensor ] = None , ) −> t o r c h . Tensor :

2 # Step 1 : C a l c u l a t e the KL p en a l t y term f o r each s t ep ( c o r r e s pond s to −beta ∗ KL t ) .
3 k l r ewa r d = −k l c o e f ∗ k l
4 # Step 2 : Cons t r u c t the s p a r s e f i n a l reward . The goa l i s to c r e a t e a t e n s o r where the t o t a l

s equence reward ’ r ’ i s p l a c ed on l y at the p o s i t i o n o f the l a s t v a l i d token .
5 e o s i n d i c e s = ac t i on mask . s i z e (1 ) − 1 − n
6 ac t i on mask . l ong ( ) . f l i p l r ( ) . argmax ( dim=1, keepdim=True )
7 l a s t r e w a r d = to r ch . z e r o s l i k e ( k l )
8 l a s t r e w a r d . s c a t t e r ( dim=1, i ndex=e o s i n d i c e s , s r c=r . unsqueeze (1 ) . to ( k l . d type ) )
9 # Step 3 : Add the KL p en a l t y and the f i n a l reward to ge t the f i n a l token−l e v e l reward r t .

10 reward = l a s t r e w a r d + k l r ewa r d
11 r e t u r n reward

Please read the source code of OpenRLHF for more details.
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Engineering Challenges

Packages: Ray, DeepSpeed, vllm ...
System Complexity

GPU & rank1 Model partition Prompt ResponseMicro-DP group TP groupP R

All Gather 
Model weights

<latexit sha1_base64="bDj2xs9J0e+TmZzdVf7qIUesb/s=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgED1ISkeqx4MVjBfsBbSibzbRdutmE3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZnZnXpAIrtF1v63C2vrG5lZxu7Szu7dftg8OWzpOFYMmi0WsOgHVILiEJnIU0EkU0CgQ0A7GNzO//QBK81je4yQBP6JDyQecUTRS3y73EB6RccUEhJk37dsVt+rO4awSLycVkqPRt796YczSCCQyQbXuem6CfkYVcvPktNRLNSSUjekQuoZKGoH2s/niU+fUKKEziJUpic5c/T2R0UjrSRSYzojiSC97M/E/r5vi4NrPuExSBMkWHw1S4WDszFJwQq6AoZgYQpniZleHjaiiDE1WJROCt3zyKmldVL1atXZ3Wamf53EUyTE5IWfEI1ekTm5JgzQJIyl5Jq/kzXqyXqx362PRWrDymSPyB9bnDx7yk1Y=</latexit>

1○
<latexit sha1_base64="HUb68ji/9AxT6w+cvZjgfcF6EzY=">AAAB+HicbVBNS8NAEN34WetHox69BIvgQUpSpHosePFYwX5AG8pmM22XbjZhdyLW0F/ixYMiXv0p3vw3btsctPXBwOO9md2ZFySCa3Tdb2ttfWNza7uwU9zd2z8o2YdHLR2nikGTxSJWnYBqEFxCEzkK6CQKaBQIaAfjm5nffgCleSzvcZKAH9Gh5APOKBqpb5d6CI/IuGICwqw67dtlt+LO4awSLydlkqPRt796YczSCCQyQbXuem6CfkYVcvPktNhLNSSUjekQuoZKGoH2s/niU+fMKKEziJUpic5c/T2R0UjrSRSYzojiSC97M/E/r5vi4NrPuExSBMkWHw1S4WDszFJwQq6AoZgYQpniZleHjaiiDE1WRROCt3zyKmlVK16tUru7LNcv8jgK5IScknPikStSJ7ekQZqEkZQ8k1fyZj1ZL9a79bFoXbPymWPyB9bnDyB3k1c=</latexit>

2○Load prompts

<latexit sha1_base64="aoixu1HEd7eIUDMbNIfV3GrETjg=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBg4Rd0egx4MVjBPOAZAmzs5NkyOyDmV4xLvkSLx4U8eqnePNvnCR70MSChqKqe6a7/EQKjY7zba2srq1vbBa2its7u3sle/+gqeNUMd5gsYxV26eaSxHxBgqUvJ0oTkNf8pY/upn6rQeutIijexwn3AvpIBJ9wSgaqWeXusgfkQnFJA+yy0nPLjsVZwayTNyclCFHvWd/dYOYpSGPkEmqdcd1EvQyqlCYJyfFbqp5QtmIDnjH0IiGXHvZbPEJOTFKQPqxMhUhmam/JzIaaj0OfdMZUhzqRW8q/ud1Uuxfe5mIkhR5xOYf9VNJMCbTFEggFGcox4ZQpoTZlbAhVZShyapoQnAXT14mzfOKW61U7y7KtbM8jgIcwTGcggtXUINbqEMDGKTwDK/wZj1ZL9a79TFvXbHymUP4A+vzByUGk1o=</latexit>

5○

<latexit sha1_base64="Na/pcQ2WIU22F5P4eh8iYMa1qtA=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBg4Rdlegx4MVjBPOAZAmzs5NkyOyDmV4xLvkSLx4U8eqnePNvnCR70MSChqKqe6a7/EQKjY7zba2srq1vbBa2its7u3sle/+gqeNUMd5gsYxV26eaSxHxBgqUvJ0oTkNf8pY/upn6rQeutIijexwn3AvpIBJ9wSgaqWeXusgfkQnFJA+yi0nPLjsVZwayTNyclCFHvWd/dYOYpSGPkEmqdcd1EvQyqlCYJyfFbqp5QtmIDnjH0IiGXHvZbPEJOTFKQPqxMhUhmam/JzIaaj0OfdMZUhzqRW8q/ud1Uuxfe5mIkhR5xOYf9VNJMCbTFEggFGcox4ZQpoTZlbAhVZShyapoQnAXT14mzfOKW61U7y7LtbM8jgIcwTGcggtXUINbqEMDGKTwDK/wZj1ZL9a79TFvXbHymUP4A+vzByH8k1g=</latexit>

3○ Generate and 
AllGather responses

<latexit sha1_base64="5fUtIMUC6GDaKxFcmKHJtdHWN7Q=">AAAB+HicbVBNS8NAEN34WetHox69BIvgQUoipXosePFYwX5AG8pmM22XbjZhdyLW0F/ixYMiXv0p3vw3btsctPXBwOO9md2ZFySCa3Tdb2ttfWNza7uwU9zd2z8o2YdHLR2nikGTxSJWnYBqEFxCEzkK6CQKaBQIaAfjm5nffgCleSzvcZKAH9Gh5APOKBqpb5d6CI/IuGICwqw67dtlt+LO4awSLydlkqPRt796YczSCCQyQbXuem6CfkYVcvPktNhLNSSUjekQuoZKGoH2s/niU+fMKKEziJUpic5c/T2R0UjrSRSYzojiSC97M/E/r5vi4NrPuExSBMkWHw1S4WDszFJwQq6AoZgYQpniZleHjaiiDE1WRROCt3zyKmldVrxapXZXLdcv8jgK5IScknPikStSJ7ekQZqEkZQ8k1fyZj1ZL9a79bFoXbPymWPyB9bnDyOBk1k=</latexit>

4○Partition weights 
to train mode

2
P1 R1
P2 R2
P1 R1
P2 R2

P3 R3
P4 R4
P3 R3
P4 R4

1

2

3

4

1

2

3

4
Data

loader

P1

P2

P3

P4 Training

1

2
P1 R1

P2 R2

3

4
P3 R3

P4 R4

Model
Update

1

Train

3

4
Gen TrainGen

Figure: 3D-HybridEngine work
ow in VeRL.
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Step 1: The RLHF Objective Function

We start with the standard RLHF objective, which is to maximize the reward while a
KL-divergence penalty prevents the model from straying too far from a reference model.

max
�

Ex�D;y��(y jx)
�
r(x ; y)

�
� �DKL

�
�(y j x) jj �ref(y j x)

�
� r(x ; y) is a (usually learned) reward function that scores how good a completion y is
for a given prompt x .

� �ref is a fixed reference policy (usually the SFT model).

� � is the policy we want to optimize.

� � is a hyperparameter that controls the strength of the KL penalty.

This objective seeks a policy � that balances getting high rewards with staying close to
�ref.
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Step 2: Deriving the Optimal Policy’s Form - 1/2

Let’s find the policy � that maximizes the objective. We can rewrite the objective for a
single prompt x as:

max
�

X
y

�(y jx)r(x ; y)� �

 X
y

�(y jx) log �(y jx)
�ref(y jx)

!

=min
�

X
y

�(y jx)
�
� log

�(y jx)
�ref(y jx)

� r(x ; y)

�
=min

�

X
y

�(y jx)
�
� log

�(y jx)
�ref(y jx) exp(r(x ; y)=�)

�
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Step 2: Deriving the Optimal Policy’s Form - 2/2

Let’s define a new distribution q(y jx) = 1
Z(x)�ref(y jx) exp(r(x ; y)=�), where Z (x) is the

normalizer. The objective becomes:

min
�

X
y

�(y jx)
�
� log

�(y jx)
q(y jx)Z (x)

�

=min
�
�

 X
y

�(y jx) log �(y jx)
q(y jx)

� logZ (x)

!
=min

�
� (DKL(�jjq)� logZ (x))

Since logZ (x) is constant with respect to �, the minimum is achieved when
DKL(�jjq) = 0, which means � = q.
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Step 3: The Closed-Form Optimal Policy

From the derivation on the previous slide, we found that the optimal policy �r is equal to
the distribution q(y jx). This gives us the closed-form solution:

�r (y j x) =
1

Z (x)
�ref(y j x) exp

�
1

�
r(x ; y)

�
where Z (x) is the partition function, defined as:

Z (x) =
X

y

�ref(y j x) exp
�
1

�
r(x ; y)

�

The Problem

This solution is difficult to use in practice because computing Z (x) requires summing over
all possible sequences y in the entire vocabulary space, which is computationally
intractable.
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Step 4: The Key Trick - Reparameterizing the Reward with the Policy

DPO’s core idea is to cleverly perform an algebraic transformation to express the reward
function r(x ; y) in terms of the policies �r and �ref. We take the logarithm of both sides
of the optimal policy equation and rearrange:

log �r (y j x) = � logZ (x) + log �ref(y j x) +
1

�
r(x ; y)

Solving for the reward function, we get:

r(x ; y) = �

�
log

�r (y j x)
�ref(y j x)

�
+ � logZ (x)

This equation establishes a direct link between a reward function and its corresponding
optimal policy.
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Step 5: Introducing the Human Preference Model

RLHF typically uses the Bradley-Terry model to model human preferences. This model
assumes that the probability p� of a human preferring a response yw (winner) over yl

(loser) can be expressed by a logistic function of the difference in their latent reward
scores:

p�(yw � yl j x) = �(r(x ; yw )� r(x ; yl))

where � is the sigmoid function.

Key Observation

This preference model depends only on the di�erence in rewards between the two
candidates, not their absolute values.
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Step 6: Eliminating the Intractable Partition Function

Now, we substitute the reward function expression from Step 4 into the preference model
from Step 5. Let’s compute the reward difference:

r(x ; yw )� r(x ; yl) =

�
� log

�r (yw jx)
�ref(yw jx)

+ � logZ (x)

�
�
�
� log

�r (yl jx)
�ref(yl jx)

+ � logZ (x)

�
As you can see, the intractable partition function term � logZ (x), which depends only on
x , is perfectly cancelled out during the subtraction!

r(x ; yw )� r(x ; yl) = �

�
log

�r (yw jx)
�ref(yw jx)

� log
�r (yl jx)
�ref(yl jx)

�
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Step 7: The Final DPO Loss Function

By eliminating Z (x), we can express the preference probability directly in terms of the
policy ��:

p(yw � yl j x) = �

�
� log

��(yw j x)
�ref(yw j x)

� � log ��(yl j x)
�ref(yl j x)

�
Our goal is to find a policy �� that maximizes this probability over a given dataset of
preferences D = f(x ; yw ; yl)g. This is equivalent to minimizing the negative
log-likelihood, which gives us the DPO loss function:

LDPO(��;�ref) = �E(x ;yw ;yl )�D

�
log �

�
� log

��(yw j x)
�ref(yw j x)

� � log ��(yl j x)
�ref(yl j x)

��
This is just a simple binary cross-entropy loss that can be optimized directly with gradient
descent.
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Agentic Methods
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Search Methods: Tree of Thought
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Search Methods: Reasoning via Planning

Figure: Reasoning with Language Model is Planning with World Model
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AlphaGeometry: An Olympiad-level AI system for geometry

AlphaGeometry is a neuro-symbolic system made up of a neural language model and a
symbolic deduction engine.

Figure: Given the problem diagram and its theorem premises (left), AlphaGeometry (middle) �rst uses its
symbolic engine to deduce new statements about the diagram until the solution is found or new
statements are exhausted. If no solution is found, AlphaGeometry's language model adds one potentially
useful construct (blue), opening new paths of deduction for the symbolic engine. This loop continues until
a solution is found (right). In this example, just one construct is required.

47 / 68



AlphaProof + AlphaGeometry 2: IMO 2024 silver madalist

Figure: Process infographic of AlphaProof's reinforcement learning training loop: Around one million
informal math problems are translated into a formal math language by a formalizer network. Then a solver
network searches for proofs or disproofs of the problems, progressively training itself via the AlphaZero
algorithm to solve more challenging problems.

AlphaProof is based on LEAN and Mathlib.
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